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CHARACTERISTIC AND COXETER POLYNOMIALS FOR
AFFINE LIE ALGEBRAS
PANTELIS A. DAMIANOU AND CHARALAMPOS A. EVRIPIDOU
Abstract. We compute the characteristic polynomials of affine Cartan, ad-
jacency matrices and Coxeter polynomials of the associated Coxeter system
using Chebyshev polynomials. We give explicit factorization of these poly-
nomials as products of cyclotomic polynomials. Finally, we present several
different methods of obtaining the exponents and Coxeter number for affine
Lie algebras. In particular we compute the exponents and Coxeter number for
each conjugacy class in the case of A
(1)
n .
1. Introduction
Complex finite dimensional semi-simple Lie algebras are classified via their root
system. All data of a root system is encoded in a matrix, the Cartan matrix, or
in a graph, the Dynkin diagram. This graph is constructed along the same lines as
the construction of the Coxeter graph from the Coxeter matrix.
A Cartan matrix is an n× n-integer matrix C which obeys
- Ci,i = 2,
- Ci,j = 0⇒ Cj,i = 0, ∀ i, j
- Ci,j ≤ 0, ∀ i 6= j
- detC > 0.
Relaxing the last condition on Cartan matrices we get the so called generalized
Cartan matrices. Generalized Cartan matrices are classified into three disjoint cat-
egories, finite, affine and indefinite (see [8] Chapter 4). Finite are the usual Cartan
matrices associated with complex semi-simple finite dimensional Lie algebras, while
affine and indefinite, give rise to infinite dimensional Lie algebras.
For each generalized Cartan matrix the associated semi-simple complex Lie al-
gebra g is algebraically generated by 3n generators {x±i , hi : 1 ≤ i ≤ n} which are
subjected to the relations
(1) [hi, hj ] = 0,
(2) [hi, x
±
j ] = ±Ci,jx±j ,
(3) [x+i , x
−
j ] = δi,jhi,
(4) (adx±
i
)1−Cj,i(x±j )) = 0 .
This set of relations is known as the Chevalley-Serre relations. An affine Cartan
matrix is one for which detC = 0 and each proper principal minor of C is positive.
Thus each (n− 1)× (n− 1) submatrix of C obtained by removing an ith row and
ith column is a Cartan matrix. Chevalley-Serre relations on affine Cartan matrices
give rise to affine Lie algebras. The main focus of this paper is on affine Cartan
matrices. This important subclass of generalized Cartan matrices is characterized
by the property that they are symmetrizable and the corresponding symmetric
matrices DC are positive semidefinite. From now on C will be an indecomposable
finite or affine Cartan matrix.
This work was co-funded by the European Regional Development Fund and the Republic of
Cyprus through the Research Promotion Foundation (Project: PENEK/0311/30).
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With each Cartan or affine Cartan matrix C we associate a graph, called the
Dynkin diagram. Its vertices {r1, . . . , rn} correspond to the columns of C. There
are Ci,jCj,i edges between the vertices ri, rj for i 6= j. In case Ci,j < Cj,i we put an
arrow in the edge (ri, rj) pointing to the vertex rj . For an affine Cartan matrix it
is customary to enumerate the vertices as {r0, r1, . . . , rn} so that the corresponding
Dynkin diagram has n+ 1 vertices.
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For a Dynkin diagram Γ, in addition to the Cartan matrix C, we associate the
Coxeter adjacency matrix which is the matrix A = 2I − C. The characteristic
polynomial of Γ is that of A and the spectral radius of Γ is
ρ (Γ) = max {|λ| : λ is an eigenvalue of A} .
In this paper we use the following notation. The subscript n in all cases is equal
to the degree of the polynomial except that Qn(x) is of degree 2n.
- pn(x) will denote the characteristic polynomial of the Cartan matrix,
- qn(x) = det (2xI +A),
- an(x) = qn
(
x
2
)
will denote the characteristic polynomial of −A and finally,
- Qn(x) = x
nan
(
x+ 1
x
)
.
Note the relation between the polynomials an, qn and pn:
pn(x) = an(x− 2) = qn
(x
2
− 1
)
.
We prove the following result:
Theorem 1. Let C be the n × n affine Cartan matrix of an affine Lie algebra of
type X. Then qn is a polynomial related to Chebyshev polynomials as follows
for X = A
(1)
n−1, qn(x) = 2
(
Tn(x) + (−1)n−1
)
,
for X = B
(1)
n−1, qn(x) = 2 (Tn(x)− Tn−4(x)) ,
for X = C
(1)
n−1, qn(x) = 2 (Tn(x) − Tn−2(x)) and
for X = D
(1)
n−1, qn(x) = 8x
2 (Tn−2(x)− Tn−4(x)) ,
where Tn(x) is the n
th Chebyshev polynomial of first kind.
Using the fact that for bipartite Dynkin diagrams the spectrum of A is the same
as the spectrum of −A it follows easily that the eigenvalues of the Cartan matrix
occur in pairs λ and 4 − λ (see e.g. [1, 4, 5]). In our case this happens in all
cases except for A
(1)
n , n even. In the bipartite cases, an(x) is the characteristic
polynomial of the Coxeter adjacency matrix.
Let g be a complex finite dimensional simple Lie algebra with Cartan matrix C
of rank n and simple roots Π = {α1, . . . , αn}. The Killing form on g induces an
inner product on the real vector space V with basis Π. The Weyl group W of g is
a subgroup of AutV which is generated by reflections on V . Namely, for each root
αi consider the reflection σi through the hyperplane perpendicular to αi
σi : V −→ V, α 7→ α− 2 (α, αi)
(αi, αi)
αi.
Then the Weyl group of g is W = 〈σ1, σ2, . . . , σn〉. The Cartan matrix C satisfies
Ci,j = 2
(αi, αj)
(αj , αj)
and therefore σi(αj) = αj − Cj,iαi. The Weyl group of an affine
Lie algebra with Cartan matrix C of rank n− 1 is W = 〈σ1, σ2, . . . , σn〉 where
σi(αj) = αj − Cj,iαi,
is a “reflection” in the real vector space with basis {α1, . . . , αn}. If z = (z1, . . . , zn)
is a left zero eigenvector of C (z can be taken to be in Zn, see [8]) and α =∑n
k=1 zkαk then σi(α) = α, ∀i = 1, . . . , n. Thus the Weyl group W acts on
{kα : k ∈ Z} as the identity.
A Coxeter polynomial fn is the characteristic polynomial of σπ(1)σπ(2) . . . σπ(n) ∈
gl(V ) for some π ∈ Sn. When the Dynkin diagram does not contain cycles the
Coxeter polynomial is uniquely defined and for bipartite Dynkin diagrams is closely
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related to the polynomial Qn(x); the polynomial Qn(x) turned out to be Qn(x) =
fn(x
2) (see [1]). For the case of A
(1)
n−1 there are
⌊
n
2
⌋
different Coxeter polynomials.
For n even, Qn (
√
x) is one of the Coxeter polynomials, the one corresponding to the
largest conjugacy class of the Coxeter transformations. According to [3] the largest
conjugacy class contains the Coxeter transformations with the property that the
set {
i : π−1(i) > π−1(i + 1 (mod n)), i = 1, 2, . . . , n
}
has the largest cardinality, i.e. contains n2 elements. For example the Coxeter
transformation σ1σ3 . . . σn−1σ2σ4 . . . σn, which is the one considered in [1].
The roots of Qn are in the unit disk and therefore by a theorem of Kronecker
Qn(x) is a product of cyclotomic polynomials (see [6]). We determine the factor-
ization of Qn as a product of cyclotomic polynomials. This factorization in turn
determines the factorization of fn. The irreducible factors of Qn are in one-to-one
correspondence with the irreducible factors of an(x).
The roots of a Coxeter polynomial fn, of affine type, are of the form e
2mjπi
h where
0 ≤ mj ≤ h. The numbers mj are what we call affine exponents and h the affine
Coxeter number associated with the Coxeter transformation σ. These numbers are
normally defined only for the bipartite case. For A
(1)
n , n odd one defines them with
respect to the Coxeter polynomial corresponding to the largest conjugacy class of
the Coxeter elements. In this paper we also examine in detail the case of A
(1)
n for n
both even and odd and we calculate the affine exponents and affine Coxeter number
for each conjugacy class.
These numbers are related to the Cartan matrix and give a universal formula for
the spectrum of the Dynkin diagram Γ and the eigenvalues of the Cartan matrix.
For the bipartite case the spectrum is{
2 cos
mjπ
h
: j = 1, . . . n
}
and the eigenvalues of the Cartan matrix are
{
4 cos2
mjπ
2h : j = 1, . . . n
}
.
The affine exponents, affine Coxeter number of X
(1)
n and the roots of the cor-
responding simple Lie algebra Xn are related in an inquisitive way (see [1]). Let
Π = {α1, α2, . . . , αn} be the simple roots of Xn, V = R -span(α1, α2, . . . , αn) and
β the branch root of Xn. Let wβ∨ ∈ V ∗ be the weight corresponding to the co root
β∨. Then for some c ∈ N and a proper enumeration of mj we have
c · wβ∨ =
n∑
j=1
mjα
∨
j ,
where c is the smallest integer such that c · wβ∨ belongs to the co root lattice.
The coefficient of β∨ is the affine Coxeter number. Here we have identified V with
V ∗ using the inner product induced by the Killing form. In this paper we show
that this relation is valid for all conjugacy classes in A
(1)
n . This case has not been
considered previously.
Steinberg, in his explanation of the MacKay correspondence, showed in [12]
a mysterious relation between affine Coxeter polynomials (for the simply laced
Dynkin diagrams and later Stekolshchik in [13] for the multiple laced) and Coxeter
polynomials of type An. Each affine Coxeter polynomial is a product of Coxeter
polynomials of type An. From Xn remove the branch root. If g(x) is the Coxeter
polynomial of the reduced system then the Coxeter polynomial, f(x) of X
(1)
n is
f(x) = (x − 1)2g(x). The affine exponents and affine Coxeter number of an affine
Lie algebra are easily computed using Steinberg’s theorem. In table 1 we list the
affine exponents and affine Coxeter number for affine Lie algebras. Furthermore,
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we demonstrate that the method of Steinberg works also in the case of A
(1)
n for n
even or odd a case which is not discussed in earlier literature.
This paper is structured as follows. In section 2 we give the definitions of Cheby-
shev and Cyclotomic polynomials and some of their properties. The polynomials
Ψn are also defined. These are the irreducible factors of the polynomials an and are
used to factor the polynomials pn and qn. In section 3 we compute and explicitly
determine the characteristic polynomials for each affine Lie algebra. In section 4
we define the affine Coxeter number and affine exponents and we proceed in section
5 to determine them for each affine Lie algebra. The exceptional affine Lie alge-
bras are treated in section 6. Section 7 deals with the method of Berman, Lee and
Moody and the method of Steinberg with special emphasis to the case of A
(1)
n .
2. Chebyshev and Cyclotomic polynomials
2.1. Chebyshev Polynomials. A fancy way to define Chebyshev polynomials of
first (Tn) and second kind (Un) is
Tn (x) =
1
2
· det


2x 1 0 · · · 0 0 0
1 2x 1 · · · 0 0 0
0 1 2x · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 2x 1 0
0 0 0 · · · 1 2x 2
0 0 0 · · · 0 1 2x


and
Un (x) = det


2x 1 0 · · · 0 0 0
1 2x 1 · · · 0 0 0
0 1 2x · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 2x 1 0
0 0 0 · · · 1 2x 1
0 0 0 · · · 0 1 2x


.
The first few polynomials are
T0(x) = 1
T1(x) = x
T2(x) = 2x
2 − 1
T3(x) = 4x
3 − 3x
T4(x) = 8x
4 − 8x2 + 1
T5(x) = 16x
5 − 20x3 + 5x
T6(x) = 32x
6 − 48x4 + 18x2 − 1,
and
U0(x) = 1
U1(x) = 2x
U2(x) = 4x
2 − 1
U3(x) = 8x
3 − 4x
U4(x) = 16x
4 − 12x2 + 1
U5(x) = 32x
5 − 32x3 + 6x
U6(x) = 64x
6 − 80x4 + 24x2 − 1.
Expanding the determinants with respect to the first row we obtain the recurrence
Fn+1 = 2xFn − Fn−1.
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For the initial values F0 = 1, F1 = x and F0 = 1, F1 = 2x we obtain the Chebyshev
polynomials of first and second kind respectively.
For x = cos θ, the trigonometric identities
2x cosnθ = cos (n+ 1)θ + cos (n− 1)θ
and
2x sin (n+ 1)θ = sin (n+ 2)θ + cosnθ
give
Tn(x) = cosnθ, Un(x) =
sin (n+ 1)θ
sin θ
.
We list some properties of Chebyshev polynomials that can be easily proved by
induction.
The polynomials Tn satisfy:
Tn(−x) = (−1)nTn(x)
Tn(1) = 1
T2n(0) = (−1)n
T2n−1(0) = 0,
while polynomials Un satisfy:
Un(−x) = (−1)nUn(x)
Un(1) = n+ 1
U2n(0) = (−1)n
U2n−1(0) = 0.
In addition (see [11])
Tn(x) = 2
n−1
n∏
j=1
[
x− cos
(
(2j − 1)π
2n
)]
and
Un(x) = 2
n
n∏
j=1
[
x− cos
(
jπ
n+ 1
)]
.
There are some explicit formulas in powers of x which are used in propositions
1, 2, 3 and 4.
(1) Tn(x) = n
n∑
j=0
(−2)j (n+ j − 1)!
(n− j)!(2j)! (1− x)
j (n > 0),
and
(2) Un(x) =
n∑
j=0
(−2)j
(
n+ j + 1
2j + 1
)
(1− x)j .
2.2. Cyclotomic Polynomials. A complex number ω of order n is called a primi-
tive nth root of unity, e.g. e
2πi
n is a primitive nth root of unity. If ω is a primitive nth
root of unity then ωk is a primitive nth root of unity if and only if gcd(n, k) = 1.
Since e
2πi
n produces all nth roots of unity it follows that there are exactly φ(n)
primitive nth roots of unity where φ is Euler’s totient function. Primitive nth roots
of unity are conjugate algebraic integers.
Let ω be a primitive nth root of unity and Φn(x) its minimal polynomial. Then
Φn(x) = (x − ωk1)(x − ωk2) · · · (x− ωkφ(n)),
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where 1 ≤ k1, k2, . . . , kφ(n) < n are the integers relatively prime to n. The polyno-
mial Φn(x) ∈ Z[x] is the nth cyclotomic polynomial. From the relation ωk·n−1 = 0
it follows that Φn(x)|xk·n − 1, ∀k ∈ N. Actually
xn − 1 =
∏
d|n
Φd(x).
Following Lehmer [10], using cyclotomic polynomials we can derive the minimal
polynomials Ψn of the algebraic integers 2 cos
2kπ
n
, where gcd (k, n) = 1 (for n ≥ 2).
The polynomial Φn, being reciprocal (i.e. Φn(x) = x
φ(n)Φn
(
1
x
)
), it can be written
in the form
(3) Φn(x) = x
φ(n)
2 Ψn
(
x+
1
x
)
,
for some monic irreducible polynomial Ψn with integer coefficients and degree half
of that of Φn. The irreducibility of Ψn is equivalent to the irreducibility of Φn.
For x = e
2kπi
n , a primitive nth root of unity, we have that
x+
1
x
= 2 cos
2kπ
n
.
From equation 3 we deduce that 2 cos 2kπ
n
is a root of the irreducible polynomial
Ψn. Therefore Ψn is the minimal polynomial of 2 cos
2kπ
n
. Also equation 3 can be
used for the calculation of the polynomials Ψn. For example, Ψ5(x) = x
2 + x− 1,
Ψ9(x) = x
3 − 3x+ 1.
The roots of the polynomials Ψn are
2 cos
2kπ
n
, where gcd(k, n) = 1.
3. Affine Lie algebras
3.1. Cartan matrix of type A
(1)
n . The Cartan matrix of type A
(1)
n is a matrix of
the form
(4) C
A
(1)
n
=


2 −1 0 · · · 0 0 −1
−1 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 2 −1 0
0 0 0 · · · −1 2 −1
−1 0 0 · · · 0 −1 2


.
We list some formulas for the characteristic polynomial of the matrix for small
values of n:
p3(x) = x
3 − 6x2 + 9x = x(x− 3)2
p4(x) = x
4 − 8x3 + 20x2 − 16x = x(x − 4)(x− 2)2
p5(x) = x
5 − 10x4 + 35x3 − 50x2 + 25x = x(x2 − 5x+ 5)2
p6(x) = x
6 − 12x5 + 54x4 − 112x3 + 105x2 − 36x = x(x − 4)(x− 1)2(x− 3)2
p7(x) = x
7 − 14x6 + 77x5 − 210x4 + 294x3 − 196x2 + 49x =
x(x3 − 7x2 + 14x− 7)2.
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We define a sequence of polynomials in the following way
qn(x) = det


2x 1 0 · · · 0 0 1
1 2x 1 · · · 0 0 0
0 1 2x · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 2x 1 0
0 0 0 · · · 1 2x 1
1 0 0 · · · 0 1 2x


.
By expanding the determinant we obtain the following formula for qn
qn(x) = 2xUn−1(x)− 2Un−2(x) + 2(−1)n−1 = Un(x)− Un−2(x) + 2(−1)n−1 =
2Tn(x) + 2(−1)n−1.
It is easy then to compute the first few polynomials:
q3(x) = 8x
3 − 6x+ 2 = 2(x+ 1)(2x− 1)2
q4(x) = 16x
4 − 16x2 = 16x2(x− 1)(x+ 1)
q5(x) = 32x
5 − 40x3 + 10x+ 2 = 2(x+ 1)(4x2 − 2x− 1)2
q6(x) = 64x
6 − 96x4 + 36x2 − 4 = 4(x+ 1)(x− 1)(2x− 1)2(2x+ 1)2
q7(x) = 128x
7 − 224x5 + 112x3 − 14x+ 2 = 2(x+ 1)(8x3 − 4x2 − 4x+ 1)2.
For n even the polynomial qn is divisible by x− 1. Indeed
qn(1) = Un(1)− Un−2(1) + 2(−1)n−1 = (n+ 1)− (n− 1)− 2 = 0.
Remark 1. Note that
pn(0) = qn(−1) = Un(−1)− Un−2(−1) + 2(−1)n−1 =
(−1)nUn(1)− (−1)n−2Un−2(1) + 2(−1)n−1 = 0.
Therefore the determinant of A
(1)
n is zero and pn is divisible by x.
Proposition 1. Let pn be the characteristic polynomial of the Cartan matrix (4).
Then
pn(x) =
n∑
j=1
(−1)n+j 2n(n+ j − 1)!
(n− j)!(2j)! x
j .
Proof. Using the properties of Chebyshev polynomials it follows that
1
2
pn(x) + (−1)n = 1
2
qn
(x
2
− 1
)
+ (−1)n = Tn
(x
2
− 1
)
= (−1)nTn
(
1− x
2
)
.
Using equation 1 we have
Tn
(
1− x
2
)
= n
n∑
j=0
(−2)j (n+ j − 1)!
(n− j)!(2j)!
(
1−
(
1− x
2
))j
=
n
n∑
j=0
(−1)j (n+ j − 1)!
(n− j)!(2j)!x
j .
Therefore
pn(x) =
n∑
j=0
(−1)n+j 2n(n+ j − 1)!
(n− j)!(2j)! x
j + 2(−1)n−1
and the result follows. 
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3.2. Cartan matrix of type B
(1)
n . The Cartan matrix of type B
(1)
n is a matrix
of the form
(5) C
B
(1)
n
=


2 0 −1 0 · · · 0 0 0
0 2 −1 0 · · · 0 0 0
−1 −1 2 −1 · · · 0 0 0
0 0 −1 2 · · · 0 0 0
...
...
...
...
. . .
...
...
...
0 0 0 0 · · · 2 −1 0
0 0 0 0 · · · −1 2 −2
0 0 0 0 · · · 0 −1 2


.
Using expansion on the first row it is easy to prove that det
(
C
B
(1)
n
)
= 0.
We list some formulas for the characteristic polynomial of the matrix for small
values of n:
p4(x) = x
4 − 8x3 + 20x2 − 16x = x(x − 4)(x− 2)2
p5(x) = x
5 − 10x4 + 35x3 − 50x2 + 24x = x(x− 1)(x− 2)(x− 3)(x− 4)
p6(x) = x
6 − 12x5 + 54x4 − 112x3 + 104x2 − 32x =
x(x − 4)(x− 2)2(x2 − 4x+ 2)
p7(x) = x
7 − 14x6 + 77x5 − 210x4 + 293x3 − 190x2 + 40x =
x(x − 2)(x− 4)(x2 − 5x+ 5)(x2 − 3x+ 1).
Define the polynomial qn(x) = det (2xI +A). By expanding the determinant we
obtain the following formula for qn
qn(x) = 4x (Tn−1(x)− Tn−3(x)) = 8x
(
x2 − 1)Un−3(x).
Equivalently
qn(x) = 2 (Tn(x)− Tn−4(x)) .
The first few polynomials are:
q4(x) = 16x
4 − 16x2 = 16x2(x− 1)(x+ 1)
q5(x) = 32x
5 − 40x3 + 8x = 8x(x− 1)(2x+ 1)(2x− 1)(x+ 1)
q6(x) = 64x
6 − 96x4 + 32x2 = 32x2(x− 1)(x+ 1)(2x2 − 1)
q7(x) = 128x
7 − 224x5 + 104x3 − 8x =
8x(x− 1)(x+ 1)(4x2 − 2x− 1)(4x2 + 2x− 1).
We can easily compute the explicit form of the pn polynomial.
Proposition 2. Let pn(x) be the characteristic polynomial of the Cartan matrix
(5). Then
pn(x) = x(x − 2)(x− 4)
n−3∑
j=0
(−1)n+j+1
(
n+ j − 2
2j + 1
)
xj .
Proof. From pn(x) = qn
(
x
2 − 1
)
and qn(x) = 8x
(
x2 − 1)Un−3(x) we only need to
show that
Un−3
(x
2
− 1
)
=
n−3∑
j=0
(−1)n+j+1
(
n+ j − 2
2j + 1
)
xj ,
which is equation 2 combined with Un(−x) = (−1)nUn(x). 
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3.3. Cartan matrix of type C
(1)
n . The Cartan matrix of type C
(1)
n is a tri-
diagonal matrix of the form
(6) C
C
(1)
n
=


2 −2 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 2 −1 0
0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −2 2


.
Using expansion on the first row it is easy to prove that det
(
C
C
(1)
n
)
= 0.
We list the formula for the characteristic polynomial of the matrix for small
values of n:
p3(x) = x
3 − 6x2 + 8x = x(x − 2)(x− 4)
p4(x) = x
4 − 8x3 + 19x2 − 12x = x(x− 1)(x− 3)(x− 4)
p5(x) = x
5 − 10x4 + 34x3 − 44x2 + 16x = x(x− 2)(x− 4)(x2 − 4x+ 2)
p6(x) = x
6 − 12x5 + 53x4 − 104x3 + 85x2 − 20x =
x(x− 4)(x2 − 5x+ 5)(x2 − 3x+ 1)
p7(x) = x
7 − 14x6 + 76x5 − 200x4 + 259x3 − 146x2 + 24x =
x(x− 1)(x− 2)(x− 3)(x− 4)(x2 − 4x+ 1).
Define qn(x) = det (2xI +A). By expanding the determinant with respect to the
first row we obtain
qn(x) = 4 (xTn−1(x)− Tn−2(x)) ,
where Tn(x) is the n
th Chebyshev polynomial of the first kind. Equivalently,
qn(x) = 2 (Tn(x) − Tn−2(x)) = 4
(
x2 − 1)Un−2(x).
Proposition 3. Let pn(x) be the characteristic polynomial of the Cartan matrix
(6). Then
pn(x) = x(x− 4)
n−2∑
j=0
(−1)n+j
(
n+ j − 1
2j + 1
)
xj .
3.4. Cartan matrix of type D
(1)
n . The Cartan matrix of type D
(1)
n is a matrix
of the form
(7) C
D
(1)
n
=


2 0 −1 0 · · · 0 0 0 0
0 2 −1 0 · · · 0 0 0 0
−1 −1 2 −1 · · · 0 0 0 0
0 0 −1 2 · · · 0 0 0 0
...
...
...
...
. . .
...
...
...
...
0 0 0 0 · · · 2 −1 0 0
0 0 0 0 · · · −1 2 −1 −1
0 0 0 0 · · · 0 −1 2 0
0 0 0 0 · · · 0 −1 0 2


.
We list the formula for the characteristic polynomial of the matrix C
D
(1)
n
for
small values of n:
p5(x) = x(x − 4)(x− 2)3
p6(x) = x(x − 1)(x− 2)2(x− 3)(x− 4)
p7(x) = x(x − 2)3(x− 4)(x2 − 4x+ 2)
p8(x) = x(x − 2)2(x− 4)(x2 − 3x+ 1)(x2 − 5x+ 5)
p9(x) = x(x − 2)3(x− 4)(x− 1)(x− 3)(x2 − 4x+ 1).
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By expanding the determinant qn(x) = det (2xI +A) with respect to the first row
we conclude that
qn(x) = 2xqˆn−1(x)− 2xqˆn−3(x),
where qˆn is the qn polynomial of the matrix CDn (see [7]). Therefore
qn(x) = 8x
2(Tn−2(x)− Tn−4(x)) = 16x2(x2 − 1)Un−4(x).
Proposition 4. Let pn(x) be the characteristic polynomial of the Cartan matrix
(7). Then
pn(x) = x(x− 2)2(x− 4)
n−4∑
j=0
(−1)n+j
(
n+ j − 3
2j + 1
)
xj .
4. Coxeter Systems
4.1. Coxeter Polynomials. A Coxeter group W is a group with presentation
(8) W =
〈
w1, w2, . . . , wn | w2i = 1, (wiwj)mij = 1
〉
,
where mij ∈ {3, 4, . . . ,∞}. The pair (W,S) is called a Coxeter system where
S = {wi | i = 1, . . . , n}. The Coxeter matrix is the n×n matrix with elements mij ,
which is usually encoded in the Coxeter graph. This graph is a simple graph Γ with
n vertices and edge weights mij ∈ {4, 5, . . . ,∞}. If mij = 2, the vertex i is not
connected with the vertex j while if mij = 3 there is an unweighted edge between
the vertices i and j. Coxeter groups can be visualized as groups of reflections. We
define a bilinear form B on Rn by choosing a basis e1, e2, . . . , en and setting
B(ei, ej) = −2 cos π
mij
.
Ifmij =∞ we define B(ei, ej) = −2. We also define for i = 1, 2, . . . , n the reflection
wi(ej) = ej −B(ei, ej)ei.
The group generated by wi is a Coxeter group with presentation (8). It is well-
known that W is finite if and only if B is positive definite. A Coxeter element (or
transformation) is a product of the form
wπ(1)wπ(2) . . . wπ(n), π ∈ Sn.
If the Coxeter graph Γ is a tree then the Coxeter elements are in a single conjugacy
class inW . A Coxeter polynomial for the Coxeter system (W,S) is the characteristic
polynomial of a Coxeter element. For Coxeter systems whose graphs are trees the
Coxeter polynomial is uniquely defined. This covers all the cases we investigate
except A
(1)
n . This case was examined in [3], where it was shown that there are⌊
n+1
2
⌋
non-conjugate Coxeter elements.
Weyl groups of Lie algebras are important examples of Coxeter groups. For
a Lie algebra g with simple roots Π = {α1, α2, . . . , αℓ} and Cartan matrix C
the Weyl group is generated by the reflections σj , on the real vector space V =
span{α1, . . . , αn}, defined by σj(αi) = αi − Ci,jαj . The Weyl group is a Coxeter
group with presentation:
(1) σ2i = 1
(2) (σiσj)
2 = 1 , if Ci,jCj,i = 0
(3) (σiσj)
3 = 1 , if Ci,jCj,i = 1
(4) (σiσj)
2k = 1 , if Ci,jCj,i = k ∈ {2, 3}.
This presentation can be seen if we represent the reflections σj with respect to the
basis
{
α1
‖α1‖
, α2‖α2‖ , · · · ,
αℓ
‖αℓ‖
}
. Therefore from the Dynkin diagram we obtain the
corresponding Coxeter graph Γ as follows.
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The Coxeter graph Γ has the same vertex set as the Dynkin diagram and there is
an edge between the vertices αi, αj if and only if Ci,j 6= 0. The edge (αi, αj) is
labelled with 2k whenever Ci,jCj,i = k, for k ∈ {2, 3}. Note that for the simply
laced cases the Dynkin diagram coincides with the Coxeter graph.
Remark 2. From the presentation of the Weyl group as a Coxeter group we see that
the Coxeter group of a twisted affine Dynkin diagram coincides with the Coxeter
group of an untwisted affine Dynkin diagram.
Example 1. Consider the Dynkin diagram of type B
(1)
4 .
❛
❛
❛
❛
❛
✦
✦
✦
✦
✦
✐
②
✐ ✐ ✐
B
(1)
4
>
The corresponding Coxeter graph is
❛
❛
❛
❛
❛
✦
✦
✦
✦
✦
✐
✐
✐ ✐ 4 ✐
and the bilinear form is defined by the Coxeter matrix

1 2 3 2 2
2 1 3 2 2
3 3 1 3 2
2 2 3 1 4
2 2 2 4 1

 .
The reflection σ1 is defined by
σ1(e1) = −e1, σ1(e2) = e2, σ1(e3) = e3 + e1, σ1(e4) = e4, σ1(e5) = e5,
and it has matrix representation
σ1 =


−1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 .
Similarly we define the other simple reflections σi and the Coxeter element is
w = σ1σ2σ3σ4σ5 =


0 1 0 1 −√2
1 0 0 1 −√2
1 1 0 1 −√2
0 0 1 1 −√2
0 0 0
√
2 −1

 .
The Coxeter polynomial is the characteristic polynomial of w
f(x) = x5 − x3 − x2 + 1 = x3(x2 − 1)− (x2 − 1) = (x− 1)2(x+ 1)(x2 + x+ 1) .
Note that the roots of f are of the form
e
2mjπi
h ,
where h = 6 and mj take the values 0, 2, 3, 4, 6.
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4.2. Affine Coxeter number and Affine Exponents. Let us recall the defini-
tion of exponents for a simple complex Lie group G, see [2], [3], [9]. Suppose G
is a connected, complex, simple Lie Group G. We form the de Rham cohomology
groups Hi(G,C) and the corresponding Poincare´ polynomial of G:
pG(t) =
ℓ∑
i=1
bit
i,
where bi =dim H
i(G,C) are the Betti numbers of G. The De Rham groups encode
topological information aboutG. Following work of Cartan, Pontryagin and Brauer,
Hopf proved that the cohomology algebra is isomorphic to that of a finite product
of ℓ spheres of odd dimension where ℓ is the rank of G. This result implies that
pG(t) =
ℓ∏
i=1
(1 + t2m
′
i+1).
The positive integers {m′1,m′2, ....,m′ℓ} are called the exponents of G. They are also
the exponents of the Lie algebra g of G. The roots of the Coxeter polynomial of g
are
e
2m′
j
πi
h′ , i = 1, 2, . . . , ℓ
where h′ is the Coxeter number (see [4]).
For an affine Lie algebra with affine Cartan matrix C of rank n, the roots of the
Coxeter polynomial f(x) are in the unit disk. Thus from a theorem of Kronecker
f(x) is a product of cyclotomic polynomials (see [6]). Let V be the real vector space
span {α0, α1, . . . , αn} and D a diagonal matrix with positive entries such that CD
is symmetric. The matrix CD defines a semi-positive bilinear form ( , ) on V . For
α =
∑n
i=0 ziαi, (α, .) = 0 ⇐⇒ (z0, z1, . . . , zn)C = 0. Thus if (z0, z1, . . . , zn) is a
left zero eigenvector of C and α =
∑n
i=0 ziαi, the induced bilinear form on the vector
space V˜ = V/〈α〉 is positive definite and corresponds to an n× n submatrix of C.
Therefore if σ : V −→ V is a Coxeter transformation of the affine Lie algebra, the
induced transformation on V˜ has finite order h. It follows that (σ− 1)(σh− 1) = 0
and therefore the roots of f are h
th
roots of unity.
The roots of f(x) are
(9)
{
e
2mjπi
h : mj ∈ {0, 1, . . . , h}
}
.
We define the integersmj to be the affine exponents and h the affine Coxeter number
associated with the Coxeter transformation σ. These numbers are uniquely defined
for each affine Lie algebra except in the case of A
(1)
n where we define them for each
conjugacy class. Using the fact that the corank of the Cartan matrix CX(1) is 1
and the relation between the polynomials p(x) and f(x) (for the bipartite case) it
follows that (x − 1)2 | f(x) and (x − 1)3 ∤ f(x). For the factor (x − 1)2 we define
the associated affine exponents to be 0 and h.
Definition 1. For a finite Dynkin diagram Γ with corresponding Cartan matrix
C we define a weight function b : V (Γ) → N on the vertices of Γ. If the vertex
ri has only one neighbor we define b(ri) = 1 −
∑
j 6=i Ci,j while if it has more than
one neighbors we define b(ri) = −
∑
j 6=i Ci,j . For a Dynkin diagram Γ not of type
An, we define the branch vertex ri to be the one which maximize b. For the case of
An, n odd, we define the branch vertex to be the middle one.
Example 2. For the case of the Dynkin diagrams Dn, E6, E7, E8 the branch vertex
is the one which is the common endpoint of three edges. For the Dynkin diagram
of type Cn the branch vertex is the one which corresponds to the highest root.
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From Steinberg’s theorem [12, p.591 ] we see that, the affine exponents and
the affine Coxeter number of an affine Lie algebra of type X
(1)
n 6= A(1)n can be
computed using the exponents and Coxeter number of the root system An. Let
Π = {α1, α2, . . . , αn} be the simple roots of the Lie algebra of type Xn. Define
the branch root β to be that root which corresponds to the branch vertex of the
corresponding Dynkin diagram. If we delete the branch root the reduced system is
a product of root systems of type Am. The Coxeter polynomial of X
(1)
n is f(x) =
(x − 1)2g(x) with g(x) the Coxeter polynomial of the reduced system. The affine
Coxeter number h is the Coxeter number of the reduced system and the affine
exponents are obtained using the following procedure:
From the factor (x − 1)2 | f(x) it follows that 0 and h are affine exponents. If Y
appears in the reduced system and m
′
j is an exponent and h
′
is the Coxeter number
of Y then
h
h′
m
′
j is an affine exponent of X
(1).
Table 1. Affine Exponents and affine Coxeter number for affine
root systems.
Root system Affine Exponents Affine Coxeter number
A
(1)
n 0, kj , 2kj, . . . , jkj , jkj
nj , 2nj, . . . , (n− j)nj
B
(1)
2n+1 0, 1, 2, 3, . . . , 2n, n 2n
B
(1)
2n 0, 2, 4, . . . , 2(2n− 1), 2n− 1 2(2n− 1)
C
(1)
n 0, 1, 2, . . . , n n
D
(1)
2n+1 0, 2, 4, . . . , 2(2n− 1), 2n− 1, 2n− 1 2(2n− 1)
D
(1)
2n 0, 1, 2, 3, . . . , 2n− 2, n− 1, n− 1 2n− 2
E
(1)
6 0, 2, 2, 3, 4, 4, 6 6
E
(1)
7 0, 3, 4, 6, 6, 8, 9, 12 12
E
(1)
8 0, 6, 10, 12, 15, 18, 20, 24, 30 30
F
(1)
4 0, 2, 3, 4, 6 6
G
(1)
2 0, 1, 2 2
Example 3. For the root system E
(1)
8 the reduced system is A1 × A2 × A4. The
exponents of An are 1, 2, . . . , n and the Coxeter number n + 1 (see [7]). Therefore
the affine Coxeter number for the root system E
(1)
8 is lcm(2, 3, 5) = 30 and the
affine exponents are 0, 6, 10, 12, 15, 18, 20, 24, 30.
In table 1 we list the affine exponents and the affine Coxeter number for the affine
Lie algebras. In the case of A
(1)
n , for j = 1, 2, . . . ,
⌊
n+1
2
⌋
we have denoted kj =
n+1−j
dj
and nj =
j
dj
, where dj = gcd(n + 1, j). The affine exponents and affine Coxeter
number of A
(1)
n given in table 1, are those associated with the Coxeter polynomial
(xj − 1)(xn+1−j − 1). For n odd and j = n+12 we have nj = kj = 1, dj = j and we
obtain the case considered in [1]. Note the duality in the set of affine exponents:
(10) mi +mn−i = h, i = 0, 1, . . . ,
⌊n
2
⌋
,
where h is the affine Coxeter number. This is a consequence of (9).
The affine exponents, affine Coxeter number of X
(1)
n and the roots of Xn are
related in a mysterious way (see [1]). Let Π = {α1, α2, . . . , αn} be the simple
roots of the Lie algebra of type Xn 6= An, V = R -span(α1, α2, . . . , αn) and β
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be the branch root of Xn. Denote α
∨
i = 2
αi
(αi,αi)
the coroots and wα∨
i
∈ V ∗ the
corresponding weights. Write wβ∨ = (v, ·), v ∈ V and let c ∈ N be the smallest
integer such that c · v ∈ Z -span(α∨1 , α∨2 , . . . , α∨n). Then c · v =
n∑
j=1
mjα
∨
j where
mj are the nonzero affine exponents of X
(1)
n and the coefficient of β∨ is the affine
Coxeter number.
Example 4. Removing the branch vertex of B4 we obtain the root system A2×A1
with Coxeter polynomial g(x) = (x2+x+1)(x+1); the Coxeter polynomial of B
(1)
4
is (x− 1)2(x2+x+1)(x+1). The Coxeter number of A2×A1 is the affine Coxeter
number of B
(1)
4 , that is 3 · 2 = 6.
The roots of the Coxeter polynomial are 1, 1,−1, ω, ω2, where ω is a primitive
third root of unity. If ζ = e
2πi
6 then 1 = ζ0, ω = ζ2,−1 = ζ3, ω2 = ζ4, 1 = ζ6. The
numbers 0, 2, 3, 4, 6 are the affine exponents of B
(1)
4 .
A representation of the root system B4 is given by αi = ei−ei+1 ∈ R4, i = 1, 2, 3
and α4 = e4, with the usual inner product of R
4. The corresponding co-roots are
α∨i = ei−ei+1 ∈ R4, i = 1, 2, 3 and α∨4 = 2e4 (root system of type C4). The branch
root is the root α3 and the corresponding co-weight is v = wα∨3 = (1, 1, 1, 0) ∈ (R4)∗.
Now v does not belong to the co-root lattice but 2v = 2α∨1 +4α
∨
2 +6α
∨
3 +3α
∨
4 does.
Therefore for B
(1)
4 , c = 2, the non zero affine exponents are 2, 3, 4, 6 and the affine
Coxeter number is 6.
Example 5. For the case of D6 with root system {α1, α2, . . . , α6} and branch root
α4 it can be easily verified that v = wα4 = (1, 1, 1, 1, 0, 0) = α1 +2α2+3α3+4α4+
2α5+2α6. Therefore for D
(1)
6 , c = 1, the nonzero affine exponents are 1, 2, 2, 2, 3, 4
and the affine Coxeter number is 4.
5. Associated polynomials for affine Lie Algebras
The Coxeter polynomials for the affine Lie algebras are well-known, see e.g. [13].
We display their formulas in table 2. The novelty of our approach is the calculation
of these polynomials using Chebyshev polynomials.
Table 2. Coxeter polynomials for Affine Graphs
Dynkin Diagram Coxeter polynomial Cyclotomic Factors
A
(1)
n (xi − 1) · (xn+1−i − 1),
i = 1, 2, . . . ,
⌊
n+1
2
⌋ ∏d|iΦd∏d|n+1−iΦd,
i = 1, 2, . . . ,
⌊
n+1
2
⌋
B
(1)
n (xn−1 − 1)(x2 − 1) Φ1Φ2
∏
d|n−1Φd
C
(1)
n (xn − 1)(x− 1) Φ1
∏
d|nΦd
D
(1)
n (xn−2 − 1)(x− 1)(x+ 1)2 Φ1Φ22
∏
d|n−2Φd
E
(1)
6 x
7+x6−2x4−2x3+x+1 Φ21Φ2Φ23
E
(1)
7 x
8+x7−x5−2x4−x3+x+1 Φ21Φ22Φ3Φ24
E
(1)
8 x
9 + x8 − x6 − x5 − x4 −
x3 + x+ 1
Φ21Φ2Φ3Φ5
F
(1)
4 x
5 − x3 − x2 + 1 Φ21Φ2Φ3
G
(1)
2 x
3 − x2 − x+ 1 Φ21Φ2
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5.1. Associated Polynomials for A
(1)
n . In the case of A
(1)
n−1 we have
qn (x) = 2
(
Tn (x) + (−1)n−1
)
so an (x) = 2
(
Tn
(
x
2
)
+ (−1)n−1
)
and Qn (x) = 2x
n
(
Tn
(
1
2
(
x+ 1
x
))
+ (−1)n−1
)
.
If we set x = eiθ we have
2xnTn
(
1
2
(
x+
1
x
))
= 2xnTn (cos θ) = 2x
n cos (nθ)
= 2xn
1
2
(
einθ + e−inθ
)
= xn
(
xn +
1
xn
)
= x2n + 1.
Therefore
Qn (x) = x
2n + (−1)n−1 2xn + 1 =
(
xn + (−1)n−1
)2
.
The factorization of Qn is given by
Qn (x) =
{
g2 n even
g1
g2
n odd
,
where g1 =
∏
d|2n
Φ2d, g2 =
∏
d|n
Φ2d.
In the case of A
(1)
n (since the graph A
(1)
n is not a tree) the Coxeter polynomial
is not uniquely defined. There are
⌊
n+1
2
⌋
non conjugate Coxeter elements each
one producing a different Coxeter polynomial. These polynomials are given by the
formula (see [3])
(xi − 1) · (xn+1−i − 1), i = 1, 2, . . . ,
⌊
n+ 1
2
⌋
.
The factorization of these polynomials is given by∏
d|i
Φd(x)
∏
d|n+1−i
Φd(x), i = 1, 2, . . . ,
⌊
n+ 1
2
⌋
and for the first values of n we obtain those presented in table 3.
Note that when n is even the polynomial Qn(x) can be written in the form
Qn(x) = fn(x
2) with fn(x) the Coxeter polynomial corresponding to the largest
conjugacy class of Coxeter elements. In fact, for n even,
fn(x) =
(
x
n
2 − 1)2 .
Using the formula we have found for the polynomial Qn(x) we can calculate the
roots of the polynomial an(x). Since Qn(x) =
(
xn + (−1)n−1)2, the roots of Qn
are given by
e
2kπi
n , k = 0, 1, . . . , n− 1 , for n even
e
(2k+1)πi
n , k = 0, 1, . . . , n− 1 , for n odd
each one being a double root. Now if r is a root of an, it follows that x − r is a
factor of an so x
(
x+
1
x
− r
)
= x2 − rx + 1 is a factor of Qn(x), meaning that
x2 − rx + 1 = (x − c)(x − c¯), with c being one of the roots of Qn and r = 2Re(c).
We conclude that the roots of an are given by
2 cos
2kπ
n
, k = 0, 1, . . . , n− 1 for n even,
2 cos
(2k + 1)π
n
, k = 0, 1, . . . , n− 1 for n odd.
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From the identity cos(−x) = cosx it follows that the roots of a2n+2(x) are given
by
2 cos
kπ
n+ 1
, k = 0, 1, 1, 2, 2, . . . , n, n, n+ 1,
where k = 0, 1, 1, 2, 2, . . . , n, n, n+ 1 are the affine exponents and h = n+ 1 is the
affine Coxeter number associated with the Coxeter polynomial (xn+1 − 1)2.
Table 3. Coxeter polynomials for A
(1)
n
n fn+1(x)
3 i = 1 : x4 − x3 − x+ 1 = (x − 1)(x2 − 1) = Φ21Φ2
i = 2 : x4 − 2x2 + 1 = (x2 − 1)(x2 − 1) = Φ21Φ22
4 i = 1 : x5 − x4 − x+ 1 = (x − 1)(x4 − 1) = Φ21Φ2Φ4
i = 2 : x5 − x3 − x2 + 1 = (x2 − 1)(x3 − 1) = Φ21Φ2Φ3
5 i = 1 : x6 − x5 − x+ 1 = (x − 1)(x5 − 1) = Φ21Φ5
i = 2 : x6 − x4 − x2 + 1 = (x2 − 1)(x4 − 1) = Φ21Φ22Φ4
i = 3 : x6 − 2x3 + 1 = (x3 − 1)(x3 − 1) = Φ21Φ23
6 i = 1 : x7 − x6 − x+ 1 = (x − 1)(x6 − 1) = Φ21Φ2Φ3Φ6
i = 2 : x7 − x5 − x2 + 1 = (x2 − 1)(x5 − 1) = Φ21Φ2Φ5
i = 3 : x7 − x4 − x3 + 1 = (x3 − 1)(x4 − 1) = Φ21Φ2Φ3Φ4
7 i = 1 : x8 − x7 − x+ 1 = (x − 1)(x7 − 1) = Φ21Φ7
i = 2 : x8 − x6 − x2 + 1 = (x2 − 1)(x6 − 1) = Φ21Φ22Φ3Φ6
i = 3 : x8 − x5 − x3 + 1 = (x3 − 1)(x5 − 1) = Φ21Φ3Φ5
i = 4 : x8 − 2x4 + 1 = (x4 − 1)(x4 − 1) = Φ21Φ22Φ24
8 i = 1 : x9 − x8 − x+ 1 = (x − 1)(x8 − 1) = Φ21Φ2Φ4Φ8
i = 2 : x9 − x7 − x2 + 1 = (x2 − 1)(x7 − 1) = Φ21Φ2Φ7
i = 3 : x9 − x6 − x3 + 1 = (x3 − 1)(x6 − 1) = Φ21Φ2Φ23Φ6
i = 4 : x9 − x5 − x4 + 1 = (x4 − 1)(x5 − 1) = Φ21Φ2Φ4Φ5
Example 6. In the case of A
(1)
5 we have
a6(x) =
(
x2 − 1)2 (x2 − 4) .
Therefore the roots of a6(x) are
1, 1,−1,−1, 2,−2,
and they have the form
2 cos
miπ
h
,
where mi are the affine exponents and h is the affine Coxeter number associated
with the Coxeter polynomial (x3 − 1)2.
5.2. Associated Polynomials for B
(1)
n . In the case of B
(1)
n−1 we have
qn (x) = 8x
(
x2 − 1)Un−3 (x) .
Therefore,
an (x) = qn
(x
2
)
= x
(
x2 − 4)Un−3 (x
2
)
,
and
Qn (x) = x
n
(
x3 − x− 1
x
+
1
x3
)
Un−3
(
1
2
(
x+
1
x
))
.
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Set x = eiθ to obtain
Qn (x) = x
n−3
(
x6 − x4 − x2 + 1)Un−3 (cos θ)
= xn−3
(
x4 − 1) (x2 − 1) sin (n− 2) θ
sin θ
= xn−3
(
x4 − 1) (x2 − 1) (ei(n−2)θ − e−i(n−2)θ)
eiθ − e−iθ
= xn−3
(
x4 − 1) (x2 − 1) x
xn−2
x2(n−2) − 1
x2 − 1 = x
2n − x2(n−2) − x4 + 1.
Therefore
Qn (x) = x
2n − x2(n−2) − x4 + 1 = (x4 − 1) (x2(n−2) − 1) = Φ1Φ2Φ4 ∏
d|2(n−2)
Φd,
for all x ∈ C. The Coxeter polynomial for B(1)n is then
fn+1 (x) = x
n+1 − xn−1 − x2 + 1 = (xn−1 − 1) (x2 − 1) = Φ1Φ2 ∏
d|n−1
Φd
and the factorization of an is given by
an(x) = Ψ4
∏
j|2(n−2)
Ψj(x).
We present the factorization of fn(x) for small values of n.
• B(1)3 a4 = x4 − 4x2 f4(x) = Φ21Φ22
• B(1)4 a5 = x5 − 5x3 + 4x f5 = Φ21Φ2Φ3
• B(1)5 a6 = x6 − 6x4 + 8x2 f6 = Φ21Φ22Φ4
• B(1)6 a7 = x7 − 7x5 + 13x3 − 4x f7 = Φ21Φ2Φ5
• B(1)7 a8 = x8 − 8x6 + 19x4 − 12x2 f8 = Φ21Φ22Φ3Φ6
• B(1)8 a9 = x9 − 9x7 + 26x5 − 25x3 + 4x f9 = Φ21Φ2Φ7
• B(1)9 a10 = x10 − 10x8 + 34x6 − 44x4 + 16x2 f10 = Φ21Φ22Φ4Φ8
In general we have two cases:
1) For the case of B
(1)
2n+1
a2n+2(x) = x
(
x2 − 4)U2n−1 (x
2
)
.
Since the roots of Un(x) are
cos
(
kπ
n+ 1
)
, k = 1, 2, . . . , n,
the roots of a2n+2 are 0,±2 and
2 cos
kπ
2n
, k = 1, 2, . . . , 2n− 1.
Therefore the affine exponents are 0, 1, 2, . . . , n − 1, n, n, n+ 1, . . . , 2n − 1, 2n and
the affine Coxeter number is h = 2n.
2) For the case of B
(1)
2n
a2n+1(x) = x
(
x2 − 4)U2n−2 (x
2
)
.
Since the roots of Un(x) are
cos
(
kπ
n+ 1
)
, k = 1, 2, . . . , n,
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the roots of a2n+1 are 0,±2 and
cos
2kπ
2(2n− 1) , k = 1, 2, . . . , 2n− 2.
It follows that the affine exponents are 0, 2, . . . , 2n−2, 2n−1, 2n, . . . , 2(2n−1) and
the affine Coxeter number is h = 2(2n− 1).
5.3. Associated Polynomials for C
(1)
n . For C
(1)
n−1 we have
qn(x) = 4
(
x2 − 1)Un−2(x).
Therefore,
an(x) = qn
(x
2
)
=
(
x2 − 4)Un−2 (x
2
)
,
and
Qn(x) = x
n
(
x2 − 2 + 1
x2
)
Un−2
(
1
2
(
x+
1
x
))
.
Using the same method as in the previous subsection we obtain
Qn(x) = x
2n − x2(n−1) − x2 + 1 =
(
x2(n−1) − 1
) (
x2 − 1) = Φ1Φ2 ∏
d|2(n−1)
Φd,
for all x ∈ C. The Coxeter polynomial for C(1)n is then
fn+1(x) = x
n+1 − xn − x+ 1 = (xn − 1) (x− 1) = Φ1
∏
d|n
Φd.
We present the factorization of fn(x) for small values of n.
• C(1)3 a4 = x4 − 5x2 + 4 f4(x) = Φ21Φ3
• C(1)4 a5 = x5 − 6x3 + 8x f5 = Φ21Φ2Φ4
• C(1)5 a6 = x6 − 7x4 + 13x2 − 4 f6 = Φ21Φ5
• C(1)6 a7 = x7 − 8x5 + 19x3 − 12x f7 = Φ21Φ2Φ3Φ6
• C(1)7 a8 = x8 − 9x6 + 26x4 − 25x2 + 4 f8 = Φ21Φ7
• C(1)8 a9 = x9 − 10x7 + 34x5 − 44x3 + 16x f9 = Φ21Φ2Φ4Φ8
• C(1)9 a10 = x10 − 11x8 + 43x6 − 70x4 + 41x2 − 4 f10 = Φ21Φ3Φ9
The factorization of an is given by
an(x) =
∏
j|2(n−1)
Ψj(x).
In general we have
an+1(x) =
(
x2 − 4)Un−1 (x
2
)
and therefore the roots of an+1 are ±2 and
2 cos
kπ
n
k = 1, 2, . . . , n− 1.
The affine exponents are 0, 1, . . . , n− 1, n and the affine Coxeter number is h = n.
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5.4. Associated Polynomials for D
(1)
n . In the case of D
(1)
n−1 we have
qn(x) = 16x
2
(
x2 − 1)Un−4(x).
Therefore,
an(x) = qn
(x
2
)
= x2
(
x2 − 4)Un−4 (x
2
)
and
Qn(x) = x
n
(
x4 − 2 + 1
x4
)
Un−4
(
1
2
(
x+
1
x
))
.
It follows that
Qn(x) =
(
x4 − 1)(x2(n−2) + x2(n−3) − x2 − 1) = (x4 − 1) (x2 + 1)(x2(n−3) − 1)
and the Coxeter polynomial for D
(1)
n is
fn+1(x) =
(
xn−2 − 1) (x2 − 1) (x+ 1) .
We present the factorization of fn(x) for small values of n.
• D(1)4 a5 = x5 − 4x3 f5 = Φ21Φ32
• D(1)5 a6 = x6 − 5x4 + 4x2 f6 = Φ21Φ22Φ3
• D(1)6 a7 = x7 − 6x5 + 8x3 f7 = Φ21Φ32Φ4
• D(1)7 a8 = x8 − 7x6 + 13x4 − 4x2 f8 = Φ21Φ22Φ5
• D(1)8 a9 = x9 − 8x7 + 19x5 − 12x3 f9 = Φ21Φ32Φ3Φ6
Note that the factorization of Qn(x) is
Qn(x) = Φ1Φ2Φ
2
4
∏
j|2(n−3)
Φj(x),
and the factorization of fn(x) is
fn(x) = Φ1Φ
2
2
∏
j|(n−3)
Φj(x).
The corresponding factorization of an(x) is
an(x) = Ψ
2
4
∏
j|2(n−3)
Ψj(x).
In general we have two cases:
1) For the case of D
(1)
2n+1 we have
a2n+2(x) = x
2(x2 − 4)U2n−2
(x
2
)
.
The roots of a2n+2 are 0, 0,±2 and
2 cos
2kπ
2(2n− 1) , k = 1, 2, . . . , 2n− 2.
The affine exponents are 0, 2, . . . , 2n− 2, 2n− 1, 2n− 1, 2n, . . . , 2(2n − 1) and the
affine Coxeter number h = 2(2n− 1).
2) For the case of D
(1)
2n
a2n+1(x) = x
2(x2 − 4)U2n−3
(x
2
)
and the roots of a2n+1 are 0, 0,±2 and
2 cos
kπ
2(n− 1) k = 1, 2, . . . , 2n− 3.
Therefore the affine exponents are 0, 1, . . . , n− 2, n− 1, n− 1, n, 2n− 3, 2n− 2 and
the affine Coxeter number is h = 2n− 2.
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6. Exceptional Lie algebras
6.1. E
(1)
6 Graph. The Cartan matrix of E
(1)
6 is of type
C
E
(1)
6
=


2 0 0 0 0 0 −1
0 2 −1 0 0 0 0
0 −1 2 −1 0 0 0
0 0 −1 2 −1 0 −1
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
−1 0 0 −1 0 0 2


.
The polynomial p7(x) is
p7(x) = x
7 − 14x6 + 78x5 − 220x4 + 329x3 − 246x2 + 72x
and the polynomial a7(x)
a7(x) = x
7 − 6x5 + 9x3 − 4x.
The roots of a7(x) are
0, 1,−1, 1,−1, 2,−2
i.e.
2 cos
mi π
6
,
where mi ∈ {0, 2, 2, 3, 4, 4, 6}. These are the affine exponents for E(1)6 and the affine
Coxeter number is h = 6.
The Coxeter polynomial is
f7(x) = x
7 + x6 − 2x4 − 2x3 + x+ 1 =
∏
mi
(
x− e 2miπ6
)
= Φ21Φ2Φ
2
3.
6.2. E
(1)
7 Graph. The Cartan matrix of E
(1)
7 is of type
C
E
(1)
7
=


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0 −1
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 0 −1 0 0 0 2


.
The polynomial p8(x) is
p8(x) = x
8 − 16x7 + 105x6 − 364x5 + 714x4 − 784x3 + 440x2 − 96x
and the polynomial a8(x)
a8(x) = x
8 − 7x6 + 14x4 − 8x2.
The roots of a8(x) are
0, 0, 1,−1,
√
2,−
√
2, 2,−2
i.e.
2 cos
mi π
12
,
wheremi ∈ {0, 3, 4, 6, 6, 8, 9, 12}. These are the affine exponents for E(1)7 and h = 12
is the affine Coxeter number.
The Coxeter polynomial is
f8(x) = x
8 + x7 − x5 − 2x4 − x3 + x+ 1 =
∏
mi
(
x− e 2miπ12
)
= Φ21Φ
2
2Φ3Φ
2
4.
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6.3. E
(1)
8 Graph. The Cartan matrix for E
(1)
8 is

2 0 0 0 0 0 0 −1 0
0 2 −1 0 0 0 0 0 0
0 −1 2 −1 0 0 0 0 0
0 0 −1 2 −1 0 0 0 −1
0 0 0 −1 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
−1 0 0 0 0 0 −1 2 0
0 0 0 −1 0 0 0 0 2


and
p9(x) = x
9 − 18x8 + 136x7 − 560x6 + 1364x5 − 1992x4 + 1679x3 − 730x2 + 120x.
The polynomial a9(x) is given by
a9(x) = x
9 − 8x7 + 20x5 − 17x3 + 4x,
with roots
0, 1,−1, 2,−2,
√
5− 1
2
,
−√5 + 1
2
,
√
5 + 1
2
,
−√5− 1
2
i.e.
2 cos
mi π
30
where mi ∈ {0, 6, 10, 12, 15, 18, 20, 24, 30} are the affine exponents for E(1)8 and
h = 30 is the affine Coxeter number.
The Coxeter polynomial is
f9(x) = x
9 + x8 − x6 − x5 − x4 − x3 + x+ 1 =
∏
mi
(
x− e 2miπ30
)
= Φ21Φ2Φ3Φ5.
6.4. F
(1)
4 Graph. The Cartan matrix for F
(1)
4 is

2 −1 0 0 0
−1 2 −2 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 2


with
p5(x) = x
5 − 10x4 + 33x3 − 38x2 + 2x+ 12
and
a5(x) = x
5 − 5x3 + 4x.
The roots of the polynomial a5(x) are
0, 1,−1, 2,−2
i.e.
2 cos
mi π
6
,
where mi ∈ {0, 2, 3, 4, 6} are the affine exponents for F (1)4 and h = 6 is the affine
Coxeter number.
The Coxeter polynomial is
f5(x) = x
5 − x3 − x2 + 1 =
∏
mi
(
x− e 2miπ6
)
= Φ21Φ2Φ3.
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6.5. Cartan matrix of type G
(1)
2 . The Cartan matrix for G
(1)
2 is
 2 −1 0−1 2 −3
0 −1 2


and the polynomial p3(x) is given by
p3(x) = x
3 − 6x2 + 8x.
The polynomial a3(x) is
a3(x) = x
3 − 4x,
with roots
0, 2,−2
i.e.
2 cos
mi π
2
,
where mi ∈ {0, 1, 2}. These are the affine exponents for G(1)2 and the affine Coxeter
number is h = 2.
The Coxeter polynomial is
f3(x) = x
3 − x2 − x+ 1 =
∏
mi
(x− emiπ) = Φ21Φ2.
7. The A
(1)
n case
The aim of this section is to show that the formulas of Berman, Lee, Moody (see
[1]) and Steinberg (see [12, 13]), for the Coxeter polynomials can be modified and
applied to the case of A
(1)
n . In particular we show in propositions 5 and 6 that these
formulas can be used for the explicit calculation of all the Coxeter polynomials for
any affine Lie algebra. Also we compute and list in table 1 the affine exponents and
affine Coxeter number associated with each Coxeter polynomial of A
(1)
n .
First we fix some notation. Let X
(1)
n be an affine Lie algebra with Cartan matrix
C, {α1, α2, . . . , αn} a set of simple roots of the root system of type Xn and α0 minus
the highest root of Xn. Let V = R−span{α0, α1, α2, . . . , αn}, z = (z0, z1, . . . , zn) ∈
Zn+1 the left zero eigenvector of C, α =
∑n
i=0 ziαi and V˜ = V/〈α〉 as in 4.2. Let
σ = σπ(0)σπ(1)σπ(2) . . . σπ(n) ∈ gl(V ), π ∈ Sn+1 be a Coxeter transformation of
X
(1)
n . From the definition of the simple reflections as σj(αi) = αi−Ci,jαj it follows
that σ leaves α invariant. Therefore σ is defined on V˜ and it has finite order. Its
order is the affine Coxeter number h, associated with σ.
7.1. Berman, Lee, Moody’s method. The defect map of the Coxeter transfor-
mation σ is the map ∂ : V → Rα defined by ∂ = IdV − σh. In [1] Berman, Lee and
Moody consider all cases of affine Lie algebras where the Dynkin diagram is bipar-
tite and they show that for all i, ∂(αi) ∈ cZα for some c ∈ N (for the case A(1)n , n
odd, they consider the defect map of the Coxeter transformation corresponding to
the largest conjugacy class). Further, they prove that if β is the branch root of X ,
then c is the least positive integer such that cwβ∨ belongs to the co-root lattice and
cwβ∨ =
∑n
i=0miα
∨
i , where mi are the affine exponents. We generalize this result
to include all Coxeter transformations corresponding to A
(1)
n , for n both even and
odd.
First we generalize the notion of a branch vertex of the Dynkin diagram of a
simple Lie algebra to the case of An.
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Definition 2. Let Γ be a finite Dynkin diagram of type Xn and b : V (Γ)→ N the
weight function defined in definition 1. A vertex ri is said to be a branch vertex of
Γ if b attains its maximum value on ri.
Therefore, for the case of the Dynkin diagram of type An, all vertices are branch
vertices with b(ri) = 2 for all i = 1, 2, . . . , n. Now we can extent Berman, Lee and
Moody’s result to the case of A
(1)
n .
Proposition 5. Let Γ be the Dynkin diagram of the simple finite dimensional Lie
algebra of type Xn and let β = αi0 be a root corresponding to a branch vertex of Γ.
If c is the least positive integer such that cwβ∨ belongs to the co-root lattice of Xn,
then cwβ∨ =
∑n
i=0miα
∨
i , where mi are the affine exponents and mi0 is the affine
Coxeter number of X
(1)
n associated with a Coxeter polynomial of X
(1)
n .
Proof. We consider only the case Xn = An since the other cases follow from
Berman, Lee and Moody’s result.
We realize An as the set of vectors in R
n+1 with length
√
2 and whose coordinates
are integers and sum to zero. The inner product is the usual inner product in Rn+1.
One choice of a basis of the root system of type An is
αi = (0, 0, . . . , 0, 1︸ ︷︷ ︸
i terms
,−1, 0, . . . , 0, 0).
The co-roots are α∨i =
2αi
(αi,αi)
= αi and the corresponding weights are
wi =
1
n+ 1
(n+ 1− i, n+ 1− i, . . . , n+ 1− i︸ ︷︷ ︸
i terms
,−i,−i, . . . ,−i).
Let di = gcd(n + 1 − i, i) = gcd(n + 1, i). If we choose as branch root the root
β = αi0 (or β = αn+1−i0), i0 ∈
{
1, 2, . . . ,
⌊
n+1
2
⌋}
then the smallest positive integer
c for which cwβ belongs to the co-root lattice is c =
n+ 1
di0
(in the case where n is
odd and i = n+12 we have c = 2. For the other cases c > 2). For that c we have
cwβ =
(
n+ 1− i0
di0
,
n+ 1− i0
di0
, . . . ,
n+ 1− i0
di0
,− i0
di0
,− i0
di0
, . . . ,− i0
di0
)
=
n+ 1− i0
di0
α1 + 2
n+ 1− i0
di0
α2 + . . .+ i0
n+ 1− i0
di0
αi0+
i0
n− i0
di0
αi0+1 + i0
n− 1− i0
di0
αi0+2 + . . .+
i0
di0
αn.
The coefficients
0,
n+ 1− i0
di0
, 2
n+ 1− i0
di0
, . . . , i0
n+ 1− i0
di0
, i0
n− i0
di0
, i0
n− 1− i0
di0
, . . . ,
i0
di0
are precisely the affine exponents and i0
n+1−i0
di0
is the affine Coxeter number corre-
sponding to the Coxeter polynomial
(xi0 − 1)(xn+1−i0 − 1).

We illustrate with two examples for the cases A
(1)
4 and A
(1)
5 .
Example 7. In the case of the root system of type A4
✐
1
✐
2
✐
3
✐
4
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the simple roots are
α1 = (1,−1, 0, 0, 0), α2 = (0, 1,−1, 0, 0), α3 = (0, 0, 1,−1, 0), α4 = (0, 0, 0, 1,−1).
If we choose α1 (or α4) as the branch root then
w1 =
1
5
(4,−1,−1,−1,−1)
and 5w1 = 4α1 + 3α2 + 2α3 + α4. The affine Coxeter number is 4 and the affine
exponents 0, 1, 2, 3, 4 which give rise to the Coxeter polynomial (x− 1)(x4 − 1).
If we choose α2 (or α3) as the branch root then
w2 =
1
5
(3, 3,−2,−2,−2)
and 5w1 = 3α1 + 6α2 + 4α3 + 2α4. The affine Coxeter number is 6 and the affine
exponents 0, 2, 3, 4, 6 which give rise to the Coxeter polynomial (x2 − 1)(x3 − 1).
Example 8. In the case of the root system of type A5
✐
1
✐
2
✐
3
✐
4
✐
5
the simple roots are
α1 = (1,−1, 0, 0, 0, 0), α2 = (0, 1,−1, 0, 0, 0), α3 = (0, 0, 1,−1, 0, 0),
α4 = (0, 0, 0, 1,−1, 0), α5 = (0, 0, 0, 0, 1,−1).
The affine Coxeter number corresponding to the Coxeter polynomial (x− 1)(x5− 1)
is 5 and the affine exponents are 0, 1, 2, 3, 4, 5. They correspond to the branch root
α1 (or α5) for which the co-weight is
w1 =
1
6
(5,−1,−1,−1,−1,−1)
and 6w1 = 5α1 + 4α2 + 3α3 + 2α4 + α5.
The branch root α2 (or α4) corresponds to the Coxeter polynomial (x
2−1)(x4−1)
which give rise to the affine Coxeter number 4 and the affine exponents 0, 1, 2, 2, 3, 4.
If we choose the middle root α3, as the branch root then
w3 =
1
2
(1, 1, 1,−1,−1,−1)
and 2w1 = α1+2α2+3α3+2α4+α5. The affine Coxeter number is 3 and the affine
exponents are 0, 1, 2, 3, 2, 1 which give rise to the Coxeter polynomial (x3 − 1)2.
7.2. Steinberg’s method. Steinberg in [12] (see also [13]) shows that for the affine
root systems considered in definition 1, their Coxeter polynomial is a product of
Coxeter polynomials of type Ai. Removing the branch root, if g(x) is the Coxeter
polynomial of the resulting root system then (x−1)2g(x) is the Coxeter polynomial
of X
(1)
n .
We generalize Steinberg’s result to the case of root systems of type A
(1)
n .
Proposition 6. Let β be a branch root, as defined in definition 2 of a root system of
type Xn. If g(x) is the Coxeter polynomial of the root system obtained by removing
β, then (x− 1)2g(x) is a Coxeter polynomial of X(1)n .
Proof. For Xn 6= An we have Steinberg’s theorem. For Xn = An if we take as
branch root β = αi0 , i0 ∈
{
1, 2, . . . ,
⌊
n+1
2
⌋}
, then the root system obtained by
removing β is Ai0−1 ×An−i0 with Coxeter polynomial
g(x) =
(
xi0−1 + xi0−2 + . . .+ x+ 1
) (
xn−i0 + xn−i0−1 + . . .+ x+ 1
)
.
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Then (x − 1)2g(x) = (xi0 − 1) (xn−i0 − 1) is one of the Coxeter polynomials of
A
(1)
n 
Example 9. Case A
(1)
4
If we choose α1 (or α4) as the branch root then the root system obtained by removing
α1 is A3 with Coxeter polynomial x
3+x2+x+1. We obtain the Coxeter polynomial
(x− 1)2(x3 + x2 + x+ 1) = (x− 1)(x4 − 1).
If we choose α2 (or α3) as the branch root then the root system obtained by
removing the branch root is A1 ×A2 with Coxeter polynomial (x+ 1)(x2 + x+ 1).
The corresponding Coxeter polynomial is (x−1)2(x+1)(x2+x+1) = (x2−1)(x3−1).
8. Conclusion
We have computed the affine exponents and the affine Coxeter number of affine
Lie algebras using various techniques, i.e., from the spectrum of Cartan and ad-
jacency matrices, with the help of Chebyshev polynomials, using the procedure of
Steinberg, and also the method of Berman, Lee and Moody. We payed special
attention to the non-bipartite case which is not considered elsewhere and we made
use of Chebyshev polynomials.
We can summarize with the following five characterizations.
(1) Let f(x) be the affine Coxeter polynomial (in the case of A
(1)
n with n odd we
use the Coxeter polynomial corresponding to the largest conjugacy class).
Then the roots of f in terms of the exponents and Coxeter number are
e
2mjπi
h .
(2) Let an(x) be the characteristic polynomial of the Coxeter adjacency matrix.
The spectrum of this polynomial is called the spectrum of the Dynkin graph.
Using the knowledge of the roots of Un(x), the Chebyshev polynomial of the
second kind, we are able to compute the roots of an(x) and in the bipartite
case they turn out to be
2 cos
mjπ
h
.
(3) Let C be the generalized Cartan matrix associated with the affine Lie al-
gebra. The eigenvalues of C in the bipartite case are
4 cos2
mjπ
2h
.
(4) Let Π = {α1, α2, . . . , αn} be the simple roots of the associated simple Lie
algebra, V = R -span(α1, α2, . . . , αn) and β the branch root. Let wβ∨ ∈ V ∗
be the weight corresponding to the co root β∨. Then for some c ∈ N and a
proper enumeration of mj we have
c · wβ∨ =
n∑
j=1
mjα
∨
j ,
where c ∈ N is the smallest integer such that c ·wβ∨ belongs to the co root
lattice. The coefficient of β∨ is the affine Coxeter number. This method
is extended in this paper for each conjugacy class in the Coxeter group of
A
(1)
n .
(5) One may use a procedure of Steinberg which relates affine Coxeter poly-
nomials with the corresponding Coxeter polynomial of the reduced system
obtained by removing a branch root. Each affine Coxeter polynomial is a
product of Coxeter polynomials of type An. This method is also extended
to the case of A
(1)
n .
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